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Abstract
We obtain some results on Hyers–Ulam stability for some classical operators from approximation
theory. For Bernstein operators we determine the Hyers–Ulam constant using a result concerning
coefficient bounds of Lorentz representation for a polynomial.
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1. Introduction
The starting point of the stability theory of functional equations was a problem
formulated by S.M. Ulam on a talk given to a conference at Wisconsin University,
Madison, in 1940: “Given a metric group (G, ·, ρ), a number ε > 0 and a mapping
f : G → G which satisfies the inequality ρ( f (xy), f (x) f (y)) < ε for all x, y ∈ G,
does there exist a homomorphism a of G and a constant k > 0, depending only on G,
such that ρ(a(x), f (x)) ≤ kε for all x ∈ G?” If the answer is affirmative the equation
a(xy) = a(x)a(y) of the homomorphism is called stable; see [6,15]. In other words the
equation of homomorphism is stable if every “approximate” solution can be approximated
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by a solution of this equation. A similar problem was formulated and solved earlier by
G. Po´lya and G. Szego¨ in [22] for functions defined on the set of positive integers. The
first answer to Ulam’s problem was given by D.H. Hyers [14] in 1941 for the Cauchy
functional equation in Banach spaces, more precisely he proved the next theorem: “Let
X, Y be Banach spaces, ε a nonnegative number, f : X → Y a function satisfying
∥ f (x+ y)− f (x)− f (y)∥ ≤ ε for all x, y ∈ X , then there exists a unique additive function
with the property ∥ f (x) − a(x)∥ ≤ ε for all x ∈ X .” Due to the question of Ulam and
the result of Hyers this type of stability is called today Hyers–Ulam stability of functional
equations. After Hyers’ result a great number of papers were dedicated to the study of
Hyers–Ulam stability of various equations. A new type of stability for functional equations
was introduced by T. Aoki [2] and Th.M. Rassias [26] by replacing ε in the Hyers’
theorem with a function depending on x and y, such that the Cauchy difference can be
unbounded. For other results on the Hyers–Ulam stability of functional equations we refer
the reader to [4–6,18,21,23,24]. It seems that the Hyers–Ulam stability of linear operators
was considered for the first time in the papers by Miura, Takahasi et al. (see [12,13,20]).
They obtained a characterization of the Hyers–Ulam stability and a representation of the
Hyers–Ulam constant for linear operators. For the linear differential operator with constant
coefficients in a Banach space the authors of [20] proved that it is stable in Hyers–Ulam
sense if and only if the characteristic equation has no pure imaginary solutions. Similar
results are obtained for weighted composition operators on C(X), where X is a compact
Hausdorff space [27]. A result on the stability of a linear composition operator of the
second order was given by J. Brzdek and S.M. Jung in [3]. The authors of this article
obtained in [24] a result on Hyers–Ulam stability of the Bernstein–Schnabl operators using
a new approach to the Fre´chet functional equation. It seems that there are no other results
on the Hyers–Ulam stability of classical linear operators from approximation theory. The
goal of this paper is to obtain results on Hyers–Ulam stability for some classical discrete
and integral operators from approximation theory.
2. The Hyers–Ulam stability property of operators
Let A and B be normed spaces and T a mapping from A into B. The following definition
can be found in [27].
Definition 2.1. We say that T has the Hyers–Ulam stability property (briefly, T is HU-
stable) if there exists a constant K such that:
(i) for any g ∈ T (A), ε > 0 and f ∈ A with ∥T f − g∥ ≤ ε, there exists an f0 ∈ A such
that T f0 = g and ∥ f − f0∥ ≤ K ε.
The number K is called a HUS constant of T , and the infimum of all HUS constants of
T is denoted by KT . Generally, KT is not a HUS constant of T ; see [12,13].
Let now T be a bounded linear operator with the kernel denoted by N (T ) and the range
denoted by R(T ). Consider the one-to-one operator T from the quotient space A/N (T )
into B:T ( f + N (T )) = T f, f ∈ A,
and the inverse operator T−1 : R(T )→ A/N (T ).
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In [27] the authors established the following result.
Theorem 2.2 ([27]). Let A and B be Banach spaces and T : A → B be a bounded linear
operator. Then the following statements are equivalent:
(a) T is HU-stable;
(b) R(T ) is closed;
(c) T−1 is bounded.
Moreover, if one of the conditions (a), (b), (c) is satisfied, then
KT = ∥T−1∥.
Remark 2.3. (1) Condition (i) expresses the Hyers–Ulam stability of the equation
T f = g,
where g ∈ R(T ) is given and f ∈ A is unknown.
(2) If T : A → B is a bounded linear operator, then (i) is equivalent to:
(ii) for any f ∈ A with ∥T f ∥ ≤ 1 there exists an f0 ∈ N (T ) such that
∥ f − f0∥ ≤ K .
See also [13].
So, in what follows, we shall study the HU-stability of a bounded linear operator
T : A → B by checking the existence of a constant K for which (ii) is satisfied, or,
equivalently, by checking the boundedness of T−1.
Let C[0, 1] be the space of all continuous, real-valued functions defined on [0, 1],
and Cb[0,+∞) the space of all continuous, bounded, real-valued functions on [0,+∞).
Endowed with the supremum norm, they are Banach spaces.
3. Discrete operators
3.1. Bernstein operators
For each integer n ≥ 1 let Πn be the subspace of C[0, 1] consisting of all polynomial
functions of degree ≤ n. Let
pn,k(x) :=
n
k

xk(1− x)n−k, x ∈ [0, 1], k ∈ {0, 1, . . . , n}.
Then {pn,k}k=0,1,...,n is a basis of the linear space Πn , called the Bernstein–Be´zier basis.
The classical Bernstein operators Bn : C[0, 1] → C[0, 1] are defined by (see, e.g., [1])
Bn f =
n
k=0
pn,k f

k
n

, f ∈ C[0, 1], n ≥ 1.
Let n ≥ 1 be fixed. Bn is bounded, with ∥Bn∥ = 1. The range of the operator Bn is Πn ,
and
N (Bn) =

f ∈ C[0, 1] : f

k
n

= 0, k = 0, 1, . . . , n

.
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Since dimΠn = n + 1, the operator B−1n : Πn → C[0, 1]/N (Bn) is bounded. So,
according to Theorem 2.2 and Remark 2.3.(1) we have
Theorem 3.1. Bn is HU-stable. Given q ∈ Πn , the equation Bn f = q (with unknown
f ∈ C[0, 1]) is stable in the Hyers–Ulam sense.
Let now q ∈ Πn be represented with respect to the Bernstein–Be´zier basis:
q =
n
k=0
bk pn,k .
The numbers (b0, b1, . . . , bn) are called the Be´zier coefficients of q and they are
important in several applications; see [16]. An arbitrary solution f ∈ C[0, 1] of the above
equation Bn f = q satisfies
n
k=0
f

k
n

pn,k =
n
k=0
bk pn,k,
and consequently bk = f
 k
n

, k = 0, 1, . . . , n.
So, to find the Be´zier coefficients of q means to solve the equation Bn f = q , and
Theorem 3.1 asserts that this equation is Hyers–Ulam stable.
In what follows we will determine the Hyers–Ulam constant of Bn , i.e.,
K Bn = ∥B−1n ∥
using a result obtained by D.S. Lubinsky and Z. Ziegler [17] concerning coefficient bounds
in the Lorentz representation of a polynomial.
Let P ∈ Πn . Then P has a unique Lorentz representation of the form
P(x) =
n
k=0
ck x
k(1− x)n−k, (3.1)
where ck ∈ R, k = 0, 1, . . . , n. Remark that, in fact, it is a representation in
Bernstein–Be´zier basis. Let Tn denote the usual nth degree Chebyshev polynomial of the
first kind. Then the following representation holds (see [17]):
Tn(2x − 1) =
n
k=0
dn,k x
k(1− x)n−k(−1)n−k, (3.2)
where
dn,k :=
min{k,n−k}
j=0

n
2 j

n − 2 j
k − j

4 j , k = 0, 1, . . . , n.
Theorem 3.2 (Lubinsky, Ziegler, [17]). Let P have the representation (3.1), and let 0 ≤
k ≤ n. Then
|ck | ≤ dn,k · ∥P∥∞
with equality if and only if P is a constant multiple of Tn(2x − 1).
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We will show in the proof of Theorem 3.3 that dn,k has a simpler form. The Hyers–Ulam
constant of the Bernstein operator Bn is given in the following theorem.
Theorem 3.3. The following relation holds
K Bn =

2n
2
 n
2
 , n ∈ N.
Proof. The operator Bn : C[0, 1]/N (Bn)→ Πn is given byBn( f + N (Bn)) = Bn f =: p, f ∈ C[0, 1], p ∈ Πn .
Let
p =
n
k=0
ck(p) · pn,k
be the representation of p in the Bernstein–Be´zier basis, where the Be´zier coefficients are
given by ck(p) = f
 k
n

, k = 0, 1, . . . , n. Choosing f piecewise linear on [0, 1], i.e., f
is of the form fk(x) = ak x + bk, ak, bk ∈ R, on every interval

k−1
k ,
k
n

and is continuous
on [0, 1], we obtain
∥B˜−1n ∥ = sup∥p∥∞≤1
∥B−1n (p)∥ = sup∥p∥∞≤1 ∥ f + N (Bn)∥
= sup
∥p∥∞≤1
inf
h∈N (Bn)
∥ f + h∥∞ = sup
∥p∥∞≤1
max
0≤k≤n
|ck(p)|.
Now, according to Theorem 3.2, it follows that
sup
∥p∥∞≤1
max
0≤k≤n
|ck(p)| = max
0≤k≤n
dn,k .
On the other hand the following relation holds
dn,k =

2n
2k

, k = 0, 1, . . . , n.
Indeed,
cos 2nu = (cos u + i sin u)
2n + (cos u − i sin u)2n
2
=
n
k=0
(−1)k

2n
2k

cos2n−2k u sin2k u, u ∈ R.
Let x := cos2 t, x ∈ [0, 1]. Then
Vn(x) := cos(2n arccos√x) =
n
k=0
(−1)k

2n
2k

xn−k(1− x)k . (3.3)
Now, taking account of the relations
2 arccos
√
x + arccos(1− 2x) = π, x ∈ [0, 1]
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and
Tn(1− 2x) = cos(n arccos(1− 2x)), x ∈ [0, 1]
it follows that
Vn(x) = (−1)nTn(1− 2x), x ∈ [0, 1],
which, together with (3.2) and (3.3), leads to dn,k =

2n
2k

, k = 0, 1, . . . , n. Finally it is
obvious that max0≤k≤n dn,k =

2n
2[ n2 ]

. The theorem is proved. 
3.2. Sza´sz–Mirakjan operators
The nth Sza´sz–Mirakjan operator Ln : Cb[0,+∞) → Cb[0,+∞) is defined by (see,
e.g., [1, p. 338])
Ln f (x) = e−nx
∞
i=0
f

i
n

ni
i ! x
i , x ∈ [0,+∞).
Theorem 3.4. For each n ≥ 1 the operator Ln is HU-unstable.
Proof. Suppose that for a certain n ≥ 1, Ln is HU-stable. Then there exists a constant
K such that for any f ∈ Cb[0,+∞) with ∥Ln f ∥∞ ≤ 1 there exists g ∈ N (Ln) with
∥ f − g∥∞ ≤ K .
According to Stirling’s formula,
lim
i→∞
i i
i !ei = 0,
so that there exists a j ≥ 1 such that
(K + 1) j
j
j !e j ≤ 1.
Let f ∈ Cb[0,+∞) be the function defined by f (x) = 0, x ∈

0, j−1n

∪

j+1
n ,+∞

;
f

j
n

= K + 1; f linear on

j−1
n ,
j
n

and on

j
n ,
j+1
n

. Then
Ln f (x) = e−nx · n
j
j ! x
j (K + 1), x ∈ [0,+∞).
It is easy to check that ∥Ln f ∥∞ ≤ 1, so that there exists g ∈ N (Ln) with ∥ f − g∥∞ ≤
K . But then g

j
n

= 0 and consequently
K ≥ ∥ f − g∥∞ ≥
 f  jn

− g

j
n
 = K + 1,
a contradiction. Thus the theorem is proved. 
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3.3. Other classical operators
The method of proof used in the case of Sza´sz–Mirakjan operators can be also used in
order to prove that the Meyer–Ko¨nig and Zeller operators Ln : C[0, 1] → C[0, 1]
Ln f (x) = (1− x)n+1
∞
i=0
f

i
n + i

n + i
i

x i , if x ∈ [0, 1),
Ln f (1) = f (1),
as well as the Baskakov operators Ln : Cb[0,+∞)→ Cb[0,+∞)
Ln f (x) =
∞
i=0
f

i
n

n + i − 1
i

x i
(1+ x)n+i , x ∈ [0,+∞),
are HU-unstable.
On the other hand the Stancu operators [1, p. 301], Bleimann–Butzer–Hahn operators
[1, p. 306], Bernstein–Schurer operators [1, p. 320], Bernstein–Cheney–Sharma operators
[1, p. 322], Feje´r–Hermite operators [1, p. 331], and the Bernstein operators of second
kind [25] are discrete HU-stable operators since their ranges are finite-dimensional.
4. Integral operators
Consider the Kantorovich operators [1, p. 333] Kn : C[0, 1] → C[0, 1],
Kn f (x) := (n + 1)
n
k=0
pn,k(x)
 k+1
n+1
k
n+1
f (t)dt, x ∈ [0, 1],
the Durrmeyer operators [1, p. 335] Mn : C[0, 1] → C[0, 1],
Mn f (x) := (n + 1)
n
k=0
pn,k(x)
 1
0
pn,k(t) f (t)dt, x ∈ [0, 1],
and the genuine Bernstein–Durrmeyer operators (see, e.g., [11] and the references therein)
Un : C[0, 1] → C[0, 1],
Un f (x) := f (0)pn,0(x)+ f (1)pn,1(x)+ (n − 1)
×
n−1
k=1
pn,k(x)
 1
0
pn−2,k−1(t) f (t)dt,
x ∈ [0, 1].
They are HU-stable, since their ranges are finite-dimensional.
Now let us consider the Beta operator introduced by A. Lupas¸ [19]:
Ln f (x) :=
 1
0 t
nx (1− t)n(1−x) f (t)dt 1
0 t
nx (1− t)n(1−x)dt
,
where n ≥ 1, f ∈ C[0, 1], x ∈ [0, 1].
212 D. Popa, I. Ras¸a / Expo. Math. 31 (2013) 205–214
Theorem 4.1. For each n ≥ 1, the Beta operator Ln : C[0, 1] → C[0, 1] is HU-unstable.
Proof. The operator Ln is injective.
Indeed, let n ≥ 1 be a given integer.
Suppose that Ln f = 0 for a certain f ∈ C[0, 1]. Then 1
0
tnx (1− t)n(1−x) f (t)dt = 0, ∀ x ∈ [0, 1].
The change of variables t1−t = u leads to ∞
0
unx
1
(1+ u)n+2 f

u
1+ u

du = 0.
Let g be the continuous function defined by
g(u) := 1
(1+ u)n+2 f

u
1+ u

, u ∈ [0,∞).
The equality ∞
0
unx g(u)du = 0, x ∈ [0, 1]
can be rewritten as
M[g](nx + 1) = 0, x ∈ [0, 1],
where M[g] denotes the Mellin Transform of g (see [7,9]). Put nx + 1 = s, s ∈ [1, n + 1].
The equality
M[g](s) = M[0](s), s ∈ [1, n + 1],
leads to g(u) = 0 a.e. on [0,∞), according to [9, Theorem 1.5.22, p. 57]. Now taking
account of the continuity of g it follows that g(u) = 0 for all u ∈ [0,∞) and finally
f (t) = 0, for all t ∈ [0, 1]. Therefore Ln is injective. (For another proof of the injectivity
of Ln see [10].)
Let us consider the inverse operator L−1n : R(Ln)→ C[0, 1].
Denote e j (x) = x j , j = 0, 1, 2, . . . ; x ∈ [0, 1].
It is easy to verify that Lne0 = e0, and
Lne j (x) = (nx + 1)(nx + 2) · · · (nx + j)
(n + 2)(n + 3) · · · (n + j + 1) , j = 1, 2, . . . .
It follows that for each j ≥ 1, n j
(n+2)···(n+ j+1) is an eigenvalue of Ln , and consequently
(n+2)···(n+ j+1)
n j
is an eigenvalue of L−1n .
Since
lim
j→∞
(n + 2) · · · (n + j + 1)
n j
= +∞
we conclude that L−1n is unbounded, and so Ln is HU-unstable. 
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5. Other operators
First, let us investigate the HU-stability of projections.
Proposition 5.1. Let X be a normed space, and P : X → X a linear bounded operator
such that P2 = P. Then P is HU-stable, with HUS constant 1.
Proof. Since P is a projection, we have X = N (P) ⊕ R(P). Let x ∈ X, ∥Px∥ ≤ 1.
Then x can be uniquely represented as x = u + v, u ∈ N (P), v ∈ R(P). Moreover,
v = Pv = Px , and so ∥v∥ ≤ 1. Now ∥x − u∥ = ∥v∥ ≤ 1, and the proof is finished. 
Now consider three normed spaces X, Y, Z and the linear operators V : X → Y,U :
Y → Z .
Proposition 5.2. Suppose that U and V are HU-stable, with HUS constants K1,
respectively K2. If N (U ) ⊂ R(V ), then U V : X → Z is HU-stable with HUS constant
K1 K2.
Proof. Let x ∈ X, ∥U V x∥ ≤ 1. Then there exists u ∈ N (U ) such that ∥V x − u∥ ≤ K1.
According to the hypothesis, u = Vw for some w ∈ X . Thus ∥V (x − w)∥ ≤ K1,
which entails the existence of v ∈ N (V ) such that ∥x − w − v∥ ≤ K1 K2. Since
U V (w + v) = U Vw = Uu = 0, we conclude that w + v ∈ N (U V ), and so U V is
HU-stable with HUS constant K1 K2. 
Remark 5.3. A similar result was obtained in [20] under the assumption that V is
surjective.
As an application of Proposition 5.2, we shall investigate the HU-stability of some King-
type operators.
Let I = [0, 1] or I = [0,+∞), and let A = C[0, 1], respectively A = Cb[0,+∞); in
both cases A is endowed with the supremum norm.
Let T : A → A be a linear operator. Given a continuous bijection σ : I → I , consider
the King-type transform of T (see [8]), defined as
S : A → A, S f = (T ( f ◦ σ−1)) ◦ σ, f ∈ A.
Corollary 5.4. S is HU-stable with HUS constant K if and only if T is HU-stable with
HUS constant K .
Proof. Consider the composition operators
U, V : A → A, U f = f ◦ σ−1, V f = f ◦ σ, f ∈ A.
Both of them are HU-stable with HUS constant 1.
(For more general results concerning weighted composition operators, see [27].)
Also, both U and V are bijective; in particular, R(U ) = A and N (V ) = {0}.
Moreover, S = V T U .
Suppose that T is HU-stable with HUS constant K . Since N (T ) ⊂ R(U ),
Proposition 5.2 shows that T U is HU-stable with HUS constant K . We have also N (V ) ⊂
R(T U ), and so S = V T U is HU-stable with HUS constant K .
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The converse statement can be proved similarly, taking into account that T =
V−1SU−1 = U SV . 
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